GEOMETRIC STRUCTURES 
AS DEFORMED INFINITESIMAL SYMMETRIES 



ANTHONY D. BLAOM 

Abstract. A general model for geometric structures on differentiable 
manifolds is obtained by deforming infinitesimal symmetries. Specifi- 
cally, this model consists of a Lie algebroid, equipped with an affine 
connection compatible with the Lie algebroid structure. The curvature 
of this connection vanishes precisely when the structure is locally sym- 
metric. 

This model generalizes Cartan geometries, a substantial class, to the 
intransitive case. Simple examples are surveyed and corresponding local 
obstructions to symmetry are identified. These examples include folia- 
tions, Riemannian structures, infinitesimal G-structures, symplectic and 
Poisson structures. 



1. Introduction 

According to Elie Cartan, a geometric structure is a symmetry deformed 
by curvature. Here we describe a model for geometric structures promoting 
this vision, formulated in the language of Lie algebroids. 

If by symmetry we mean a smooth action Go x M ^ M of a Lie group 
Go on a smooth manifold M, then every symmetry has an infinitesimal 
counterpart: the corresponding action qq x M ^ TM of the Lie algebra go 
of Go- Such infinitesimal actions are generalized by vector bundle morphisms 
g TM, where g is a possibly non-trivial vector bundle over M known as a 
Lie algebroid. We call a Lie algebroid equipped with an affine connection V a 
Cartan algebroid whenever V is compatible with the Lie algebroid structure 
in an appropriate sense. As it turns out, one may then view the curvature 
of such a connection as the local obstruction to symmetry. 

The significance of Cartan algebroids is that they are a natural model 
for many geometric structures. In a sense, they are infinitesimal versions 
of Cartan's espace generalise, also known as Cartan geometries. Cartan 
geometries include first order structures, such as Riemannian and almost 
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Hermitian structures, and higher order structures, such as projective, con- 
formal and CR structures. For some details and further examples, see |16j 
and [m. 

The present generalization adds intransitive structures (deformations of 
intransitive symmetries) to the list. These include foliations and Poisson 
manifolds, equipped with suitable connections. Even in the transitive case 
however, the Cartan algebroid point of view is somewhat novel. 

For instance, 'curvature' assumes a new meaning. Classical notions of 
curvature measure deviation from a particular symmetric model. In a Car- 
tan geometry, this model is a prescribed homogeneous space G/H. In the 
context of G-structures (see, e.g., ^U), the implicit model is usually M". 

By contrast, the present theory has no models: all symmetric structures 
are created equal and the curvature of V merely measures deviation from 
some symmetric structure. For example, Euclidean space, hyperbolic space 
and spheres are all regarded by us as 'flat' Riemannian structures. 

Beyond the simplest of examples, however, the procedure by which a 
Cartan algebroid is associated with a given geometric structure is not triv- 
ial. This procedure amounts to a model-free version of Cartan's method of 
equivalence. For the G-structure implementation of this method, see, e.g., 
[nj. A Lie algebroid version of Cartan's method is developed in detail in 
our paper 0, which also refines or improves several ideas introduced in the 
present work. 

Paper outline. In Sect. [21 we recall how Lie algebroids may be viewed as 
generalized Lie algebra actions. We then formulate what it means for an 
affine connection on a Lie algebroid to be compatible with the Lie algebroid 
structure fPefinition 12. 3|) . Such connections, which we call Cartan connec- 
tions, are related to the classical connections of the same name (see Sect.|7I). 
Theorem A (Sect.|2) which characterizes the locally symmetric Cartan alge- 
broids is then easily established. This furnishes one answer to the question: 
When is an arbitrary Lie algebroid a so-called action (or transformation) 
Lie algebroid? 

The remainder of the paper focuses on examples demonstrating the ver- 
satility of the model; in each example the corresponding implications of 
Theorem A are identified. This neatly unifies several results for the first 
time, although the results themselves are mostly known. More substantial 
applications are pursued in |2j. 

In Sect .El we discuss absolute parallelisms and the question: When is a 
differential manifold a Lie group? More generally, we turn to the question: 
When are the leaves of a foliation the orbits of some Lie group action? 
After describing the simplest scenario explicitly, we sketch how the question 
might be answered more generally. Known conditions for the maximal local 
homogeneity of a Riemannian manifold are recovered and then generalized in 
Theorem B (Sect. EI) to those infinitesimal G-structures supporting a Cartan 
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connection of 'reductive' type. In \'AA\ we discuss the existence of finite- 
dimensional symmetries in the Poisson category, again restricting to the 
simplest scenario. This gives an answer (admittedly simple-minded) to the 
question: When is a Poisson manifold the dual of a Lie algebra? 

Sect.HJreviews the theory of connections from the Lie algebroid viewpoint 
and in Sect. El we recall how the first jet bundle associated with a Lie alge- 
broid is another Lie algebroid; we use this to explain the real meaning of 
compatibility mentioned above. Sect. El concludes with a brief discussion of 
invariant differential operators associated with a Cartan algebroid. This ap- 
pears to be closely related to the so-called 'tractor' or 'local twistor' calculus 
used in conformal geometry [3]. 

In Sect. [3 we explain how Cartan algebroids generalize Cartan geometries. 
We formulate Theorem C, characterizing those Cartan geometries whose 
corresponding Cartan algebroids are locally symmetric, a notion weaker than 
local flatness of the Cartan geometry itself (indicating local coincidence with 
the prescribed model). 

Choosing a Cartan connection on a transitive Lie algebroid g amounts to 
choosing a certain 'representation' of q on itself; see 16. II In l6.2l we reduce the 
existence of such a representation to the existence of a representation of g 
on TM. (For infinitesimal G-structures, for example, such a representation 
is god-given.) Existence in general is not addressed. 

The present work concerns infinitesimal symmetries exclusively. Lie group 
symmetries or Lie pseudogroups of symmetries are not discussed. Efficient 
tools for globalizing our results would be the groupoid versions of Lie's 
Fundamental Theorems "S" and the integrability results of Dazord 171 . 

Kirill Mackenzie has pointed out that the Kumpera-Spencer theory of Lie 
equations 13^ is a model of geometric structures based on deformations. 
A related theory is that of Griffiths [101. The relationship between these 
theories and the present framework has not been explored. 

Background. Cartan geometries are not so well-known and their history 
is somewhat murky. Fortunately, a lot may be learned about them from 
Sharpe's beautiful book jl6j . one inspiration for the present work. Other 
recent discussions of Cartan geometries are P and ^\ . 

Lie algebroids and Lie groupoids are presently the subject of considerable 
attention. One highlight is the recent generalization of Lie's Third Funda- 
mental Theorem, due to Crainic and Fernandes Our main sources of 
information have been Pj and jl4j . 

2. Deforming symmetries 

2.1. Infinitesimal symmetries. We will be deforming infinitesimal sym- 
metries. For us these are infinitesimal actions on a smooth connected man- 
ifold M by a Lie algebra go; i-e., a Lie algebra homomorphism 
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into the space of smooth vector fields on M. Only smooth actions will be of 

interest, i.e., those for which the corresponding action map go x M — > TM 
is smooth. 

View qq ^ M as a. vector bundle over M and use the same symbol, to 
annotate the associated map of sections, 

(2) r(Bo X M) ^r(rM). 

This map is an extension of when we regard go ^-s the subspace of 
r(go X M) consisting of constant sections. 

A key observation is that the Lie bracket on go extends in a natural way 
to a Lie bracket on r(go x M) in a way making the extension (|2l) of Q a 
Lie algebra homomorphism as well. 

To obtain the new bracket, one first extends the bracket [•, •Jgg on go 
in a trivial way: viewing sections of go x M as go-valued functions on M , 
define T{X,Y){m) := [X{m),Y {m)]^^ for sections X and F of go x M. If 
V denotes the canonical flat affine connection on go x M, then the sought 
after bracket is defined by 

(3) [X,Y]^,^M:=y#xy -y#YX + T{X,Y), X,yer(goxM). 

Notice that r is just the unique extension of [•, -Jgg that is linear with 
respect to smooth functions / on M. By contrast, [•, -JgoxM satisfies a 
Leibnitz property mimicking that of the Jacobi-Lie bracket on T{TM): 

[X, /yJeoxM = f[x, y]goxM + 

2.2. Lie algebroids. Lie algebroids generalize the infinitesimal symmetries 
described above. By definition, a Lie algebroid is any vector bundle g over 
M (generalizing go x M above), together with a vector bundle morphism 
g — > TM, called the anchor, and an M-linear Lie bracket [• , -Jg on r(g) 
making r(g) — > V{TM) into a Lie algebra homomorphism. Additionally, 
the bracket should be Leibnitz in the sense that 

[x,/y]g = /[x,y]g + (i/(#x)y. 

A morphism (/>: g — > f} of Lie algebroids is a morphism of the underlying 
vector bundles (covering the identity) whose lift r(g) — > r(f)) to sections 
is a homomorphism of Lie algebras. Additionally, one requires ^ o cj) = ^. 

The bundle go x M described in 12.11 is called an action Lie algehroid. 
In analogy with this case, an arbitrary Lie algebroid g is transitive if its 
anchor i^: Q ^ TM is surjective; if g is intransitive, the (possibly singular) 
distribution #(g) C TM is nevertheless integrable, giving rise to a foliation 
by the orbits of the algebroid. A Lie algebroid g is regular if the orbits have 
constant dimension, or equivalently, if the anchor has a subbundle of g as 
kernel. 

The tangent bundle TM is itself a Lie algebroid over M, with the identity 
on TM as anchor; every Lie algebra is a Lie algebroid over a single point. A 
Lie algebroid with trivial anchor is a bundle of Lie algebras. In particular, 
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this applies to the kernel of the anchor of a regular Lie algebroid. See Sect.|31 
and work cited above for further examples. 

2.3. Cartan algebroids. The connection V appearing in l2.1l is an instance 
of the following general notion, central to all that follows: 

Definition. A Cartan connection on a Lie algebroid q over M, with anchor 
will be any affine connection V on g that is compatible with its bracket 
[ • , • ]g in the following sense: 

(1) Vv[X, Y], = [WvX, Y], + [X, VvY], + Vv^^-^ " Vy^y^, 

for all X,Y (£ T{g) and V G T{TM). Here 

VxV := #VvX + V]tm, X G r(0), V G r{TM), 

where [ • , • ]tm denotes the Jacobi-Lie bracket on vector fields on M. A 
Cartan algebroid is a Lie algebroid equipped with a Cartan connection. A 
morphism of Cartan algebroids is simply a connection-preserving morphism 
of the underlying Lie algebroids. 

Regarding (^: An affine connection on g amounts to a splitting J^g «^ g 
of a canonical exact sequence T*M ® Q ^ J^g ^ g ^ 0. Here J^g 
denotes the first jet bundle of g. As we elaborate in Sect. El each arrow is a 
morphism of Lie algebroids and condition holds precisely when J^g ^ g 
is a Lie algebroid morphism also. 

The operator V is an example of g-connection on TM; see 14.41 The 
g-connection is Eat if 

(VxVy - VyVx - V[x,y]jF = 0, 

for all X, y G r(g) and V G T{TM). Flat g-connections are cahed g- 
representations because they generalize the usual representations of a Lie 
algebra; instead of acting on a vector space, Lie algebroids act on vector 
bundles, in this case TM. 

If V is to be a Cartan connection then it is necessary that V be a g- 
representation. One sees this by applying the anchor # to both sides of (0). 
If #: g ^ TM is injective, this condition is sufficient. (For examples, see 
13. H and 13.21 1 Lie algebroid representations are reviewed in Sect.|lJ 

From a Cartan connection V one also obtains a representation of g on 
itself, with respect to which the anchor # is equivariant. See 15.31 This is 
significant because, unlike Lie algebras, a Lie algebroid does not generally 
admit an adjoint representation in the naive sense (but do see 15. 2 j) . 

2.4. The symmetric part of a Cartan algebroid. A fundamental ob- 
servation is that every Cartan algebroid (g, V) has a canonical subalgebroid 
isomorphic to an action Lie algebroid. Indeed, let go C r(g) be the subspace 
of V-parallel sections, which is finite-dimensional. Then bracket compati- 
bility ESQ guarantees that go C r(g) is a Lie subalgebra, and we obtain 
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an action of go on M given by 

go X M ^ TM 
[X,m) ^ #X{m). 

Equipping go x M with the canonical flat affine connection, we obtain a 
morphism of Cartan algebroids, 

(1) go X M ^ g 

{X, m) 1-^ X{m). 

This morphism is injective because V-parallel sections vanishing at a point 
vanish everywhere. (We are assuming M is connected.) We call the image 
of the monomorphism the symmetric part of (g, V). 

2.5. Curvature as the local obstruction to symmetry. A Cartan al- 
gebroid (g, V) on M is symmetric if it is isomorphic to an action algebroid 
go X M, equipped with its canonical flat connection — or equivalently, if it 
coincides with its symmetric part. We call (g, V) locally symmetric if every 
point of M has an open neighborhood U on which the restriction (g, V)|[/ 
is symmetric. 

Cartan algebroids are indeed symmetries deformed by curvature: 

Theorem A. A Cartan algebroid (g,V) on M is locally symmetric if and 
only if V is flat. When M is simply connected, local symmetry already 
implies symmetry. 

Proof. The necessity of flatness is immediate. To finish the proof it suffices 
to show that is an isomorphism whenever V is flat and M is simply 
connected. Indeed, in that case V determines a trivialization of the bundle 
g in which constant sections correspond to the V-parallel sections of g — 
that is, to elements of go- (This classical result follows, for example, from 
the groupoid version of Lie's Second Fundamental Theorem; see Remark 
I4.5l|3|) .) In particular, go x M and g will have the same rank, implying the 
monomorphism is an isomorphism. □ 

3. Examples 

We now describe simple examples of Cartan algebroids and describe sim- 
ple consequences of Theorem A, stated as corollaries. More general classes 
of examples are presented in Sections IHl and [71 

3.1. Absolute parallelisms. The simplest application of Theorem A is to 
the question: When is a manifold a Lie group? 

Affine connections on a tangent bundle TM occur in pairs. If V is one 
such connection, its dual V* is defined by 

V*xY ■.= VyX + [X,Y]tm. 

We have V** = V and call (V, V*) a dual pair. When M is a Lie group, the 
flat connections associated with the canonical left and right trivializations 
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of the tangent bundle TM are a dual pair in this sense. Conversely, any 
dual pair of simultaneously flat connections determines a local Lie group 
structure, as we now explain. 

A Cartan connection on TM is simply an affine connection whose dual is 
flat. This follows from comments made in 12. 31 (where V* = V). So specifying 
a Cartan connection is equivalent to specifying a flat affine connection on 
TM. These latter connections are the infinitesimal analogues of absolute 
parallelisms (trivializations of the tangent bundle), the most basic of all 
geometric structures. 

Specifying an absolute parallelism on M is equivalent to specifying a one- 
form Lv on M, taking values in some vector space V , such that u) : T^M V 
is an isomorphism at all m G M. 

Corollary. Let (V, V*) be a dual pair of connections on the tangent bundle 
of a simply connected manifold M and suppose V and V* are both flat. Then 
there exists a Lie algebra go O'l^d an absolute parallelism uj G ^^{M, go) such 
that 

dw + ^[w,t^]go = 0, 
u:{V xY) = {Cxuj){Y) and u{V\Y) = Cx{i^{Y)). 
Here C denotes Lie derivative. 

If in addition the 'Mauer-Cartan' form lo is complete, then M is diffeomor- 
phic to the simply connected Lie group Go integrating go! see |^ Theorem 
3.8.7] or 19]. 

Remark. If V* is flat then V is also flat if and only if the torsion of V* is 
V*-parallel (Proposition gSHSl)). 

The corollary is established by taking g = TM in Theorem A, which then 
delivers an isomorphism TM — > go x M. One takes uj to be the composite 
TM ^ go X M ^ go. 

3.2. Foliations. It is natural to ask when the leaves of an arbitrary foliation 
T are the orbits of some action by a Lie group, or at least a Lie algebra. 
We now mention the most elementary application of Theorem A to this 
question. 

Let D C TM be a subbundle that is integrable as a distribution. Then 
D C TM is a Lie subalgebroid. An affine connection V on L> is a Cartan 
connection precisely when the corresponding D-connection V, defined by 

VxV := VvX + [X, V]tm, X G T{D), V G T{TM), 

is flat. Call a Lie algebra action free if all orbits have the dimension of the 
Lie algebra. Theorem A implies: 

Corollary. Let T be a regular foliation on a simply connected manifold M , 
and let D C TM denote its tangent distribution. Then the orbits of T are 



8 



ANTHONY D. BLAOM 



the orbits of a free Lie algebra action if and only if D admits a flat affine 
connection V whose corresponding D-connection V is also flat. 

Taking D = TM, we recover the preceding corollary, since the existence 
of a Mauer-Cartan form is nothing more than the existence of a free and 
transitive action by a Lie algebra. 

More generally, one may look for Lie algebra actions of 'higher order' 
and consider smooth foliations J- with singularities. Call an action by a Lie 
algebra go kth-order faithful if the natural morphism go ^ ^ J^{TM) 
into the fcth-order jet bundle of TM is injective, i.e., realizes go x M as a 
subalgebroid of J^{TM). If D C TM is the distribution tangent to a pos- 
sibly singular foliation T, then one searches for subalgebroids g C J^{TM) 
with #(g) = -D, and establishes 'fcth-order symmetry' of T by finding a flat 
Cartan connection on g. In the case D = TM, obstructions in this search 
represent obstructions to the realization of M as a homogenous space. 

3.3. Riemannian structures. Let cr be a Riemannian metric on M. Then 
an infinitesimal isometry of (M, a), or Killing field, is a vector field V on M 
such that Cycr = 0, where C is Lie derivative. That is, 

{Cv(T)iU,W) := Cv{aiU,W)) - a{£vU,W) + a{U,£vW). 

Generally speaking, no Killing fields exist, even locally. However, for each 
fixed m G M, there are many vector fields V such that Cycr vanishes at the 
point m. The one-jets [1^]^ at m of all such V are elements of a fundamental 
Lie algebroid g associated with a. In detail, if J^(TM) denotes the first jet 
bundle of TM (a Lie algebroid, see 15.11) . then we define g to be the kernel 
of 

J^{TM) Sym^ (TM) 
[V]i ^ {Cva){m). 

This is a transitive Lie subalgebroid of J^{TM). The anchor # of g is 
the restriction of the natural projection J^iTM) — > TM. The kernel \] C 
T*M(^TM C J^{TM) of this anchor is the Lie algebra bundle of all a-skew 
symmetric tangent space endomorphisms. 

Because g C J^iTM) is transitive, there exists a (non-unique) splitting 

t # 
g ^ TM of the exact sequence ^ g ^ TM such that g = 

i) + t(TM). For every such t, the composite J^(TM) ^ Q ^ TM is a 
splitting of the exact sequence T*M (g) TM ^ J^{TM) TM 0, 
and so determines an affine connection V'^"^ on TM. This is precisely the 
Levi-Cevita connection corresponding to a when t is the unique splitting 
making V^"^ torsion free. 

As we explain in l5.2( there is a natural representation of J^(TM) on TM, 
denoted ad, and defined by adjiyW = [V,W]tm, where J^V denotes the 
first prolongation of V. This representation restricts to a representation 
of g on TM. As we detail in 16. 2[ once a representation of g on TM is 
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prescribed, a splitting t as above determines an associated 'reductive' Cartan 
connection V on g. Choosing the sphtting t corresponding to the Levi-Cevita 
connection, we obtain a connection V with the fohowing property: 

Proposition. A vector field V is a Killing field for a if and only ifV = 
for some V -parallel section X of g (equivalently, if J^V is a section of q). 

Sufficiency of the stated condition is not difficult to see. Its necessity may 
be established using Cartan's method of equivalence. See [2], which contains 
an alternative construction of V (there denoted V*-^^). 

The proposition establishes a correspondence between the Killing fields of 
a and the V-parallel sections of g. It implies that (M, a) is locally maximally 
homogeneous, in the sense of locally possessing a Lie algebra of Killing fields 
of maximal dimension, if and only if (g, V) is locally symmetric, in the sense 
of ESI 

Corollary. The above Cartan algebroid (g, V) on a Riemannian manifold 
(M, cr) is locally maximally homogeneous, if and only if the curvature of the 
Levi-Cevita connection is simultaneously \]-invariant, and -parallel. 

As is well-known, the stated condition is equivalent to pure, constant scalar 
curvature, or equivalently, to constant sectional curvature. This corollary of 
Theorem A is a special case of Theorem B, p. 1201 

3.4. Symplectic and Poisson structures. Let w be a symplectic struc- 
ture on M and let # : T*M TM denote the inverse of f i— > • ). Since 
# is an isomorphism, there is a unique bracket on T[T*M) making T*M 
into a Lie algebroid with anchor This bracket is given by 

(1) [a,[i]T*M = C#o.l3-C„a + d{Ii{a,(3)), a,f3er{T*M), 

where £ denotes Lie derivative and 11 is the Poisson tensor. This tensor is 
defined by n(a,/3) := w(#a, and so satisfies 

(2) (a, #/?) = n(a, /3) a,(3eT{T*M). 

As is well-known, defines a Lie algebroid structure on T*M for any 
Poisson manifold (M, 11) , with anchor # defined by . 

An infinitesimal isometry of a Poisson manifold (M, 11) is a vector field 
V on M such that jCyll = 0. Like foliations, Poisson manifolds have an 
abundance of infinitesimal isometries. In particular, every closed one-form 
a on M determines an infinitesimal symmetry #a tangent to the symplectic 
leaves known as a ]ocai Hamiltonian vector Eeld, or a Hamiltonian vector 
field if a is exact. 

The simplest instance of finite-dimensional symmetry occurs when T*M is 
itself isomorphic to an action Lie algebroid. This occurs, for instance, when 
M is the dual of a Lie algebra, equipped with its Lie-Poisson structure |15[ 
§10.1]. According to the corollary below, this is almost the only such case. 

Let V be an affine connection on the Lie algebroid T*M associated with an 
arbitrary Poisson manifold (M, 11). Assume that the space go of V-parallel 
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sections consists of closed one-forms. It suffices to suppose V is torsion free, 
in the sense that the corresponding connection on TM is torsion free; in the 
flat case this sufficient condition becomes necessary as well. Equivalently, 



for all one-forms a and vector fields V, W on M. 

Assuming V is torsion free, we can readily use © to rewrite as 



where VH is the section of Alt^(r*M, r*M) defined by 

Vn (a, l3)V = (Vyn)(a, /?), a, /3 G r{T*M), V G T{TM). 

Using Q , it is not too difficult to characterize those torsion free connections 
satisfying EHHII): 

Lemma. A torsion free connection V on T*M is a Cartan connection if and 
only if 

(5) curv V (V, - curv V(y, #l3)a - (Vy Vn)(a, /?) = 0, 

for all one- forms a, [i and vector fields V on M. 

We may now prove the following corollary of Theorem A, answering the 
question: When is a Poisson manifold the dual of a Lie algebra? Note that 
hypotheses @ and ((T)) of the corollary are necessary in this case. 

Corollary. Let (M, 11) he a simply connected Poisson manifold. Assume: 

(6) The tangent bundle TM admits a flat, torsion free, connection V such 
that vn is V -parallel. 

Then the space go of ^ -parallel one-forms on M is a finite- dimensional 
subalgebra ofT{T*M), acting leaf-transitively on M by Hamiltonian vector 
fields. Moreover assume: 

(7) Some corresponding momentum map J: M — > gg is proper and infinites- 
imally equivariant {see, e.g., |15j). 

Then J maps M isomorphically onto an open subset of Qq, equipped with its 
Lie-Poisson structure. 

Proof. Assuming © holds, denote the corresponding affine connection on 
T*M by V also. By the lemma, V is a Cartan connection on T*M. That 
00 C T(T*M) is a subalgebra acting on M follows from observations made 
in l2.4l Since V is torsion free and M is simply connected, elements of go are 
exact one- forms, so that go acts via Hamiltonian vector fields. The action 
consequently admits a momentum map. 

Since V is flat, the canonical inclusion qqX M ^ T*M is an isomorphism 
(see the proof of Theorem A), implying that go acts leaf-transitively and 
that any momentum map J : M — > gp is a local diffeomorphism. Proper- 
ness of J and simple connectivity of M then imply J is a diffeomorphism 
onto its image. That J is additionally Poisson follows from its infinitesimal 
equivariance jl5l §12.4]. □ 



(3) 



da{V,W) = {Vva,W) - {Vwa,V) 



(4) 



[a, P]t*m = - - vn (a, /3) 
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4. Connections and Lie algebroid representations 

The next two sections expand on remarks made in 12.31 and prepare us for 
the general classes of examples to be described in Sections El and [3 The 
present section reviews basic connection theory from the Lie algebroid point 
of view. 

Lie algebroid formalism suggests a generalization of affine connections 
called Q-connections, studied systematically in [HI (where they are the A- 
derivatives associated with A-connections) . Just as Lie algebras act on 
vector spaces, so Lie algebroids act on vector bundles. A g-connection is 
just a Lie algebroid representation 'deformed by curvature' as we presently 
explain. 

What we will describe as the 'general linear Lie algebroid Qi{Ey of a 
vector bundle E has been previously described in m, where it is denoted 
D0(£;). 

4.1. Curvature. All the 'curvatures' in this paper are instances of a sin- 
gle Lie-algebraic notion. Recall that a vector bundle morphism 0: g ^ f) 
between Lie algebroids is a Lie algebroid morphism if: 

(1) # o = # , and 

(2) (/.[X,y]g = [<pX,^Y]i, for all X,Y e T{q). 
When only holds, we define the curvature of (p by 

curv0(X,y) := [0X,</.y]^-0[X,y]0 X,YGT{0). 

Thus (j) is a Lie algebroid morphism if and only if curvcj) = 0. Notice that 
curv</) {X, Y) always lies in the kernel of ^: f) ^ TM. 

4.2. The general linear Lie algebroid of a vector bundle. A repre- 
sentation of a Lie algebra g is a vector space E, together with a Lie algebra 
homomorphism 

Here Qi{E) := Hom(£', is the Lie algebra of the general linear group 
GL(£') = Aut(£'). If instead is a vector bundle over M, then we use GL(ii^) 
to denote the frame groupoid of E, consisting of all isomorphisms E^i — > 
Em2 between fibers of E over possibly distinct points mi,m2 G M. We 
define Aut(S) C GL(£') to be the subgroupoid consisting of isomorphisms 
Emi — > Em2 with mi = m2 (the isotropy subgroupoid). This subgroupoid 
is a bundle of Lie groups. 

We now describe, in purely algebraic terms, a concrete model for the Lie 
algebroid of GL{E), a model we will denote by Qi{E). Sections of Qi{E) will 
be characterized as differential operators. The Lie algebroid bracket of two 
sections will simply be the commutator of the corresponding operators. 

Let J^E denote the first jet bundle of E and let : r{E) ^ T{J^ E) 
denote prolongation: J^{a){m) := [o"]^. Here [cr]^ denotes the one-jet of a 
at m. We have an exact sequence 

(1) T*M (S)E^ J^E ^ E-^0, 
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where the inclusion on the left is the one sending a section df <S)a of T* M E 
to the section J^{fa) — fJ^a of J^E. Applying Hom( ■ ,E) to the sequence, 
and identifying Hom(r*M E,E) with TM (g) E.om{E,E), we obtain a 
second exact sequence 

^ Hom(£;, E) ^ Rom.{J^E, E) TM Hom(£;, E) 0. 

Definition. The general linear Lie algebroid Qi{E) of a vector bundle E 
over M is the preimage, under the surjective arrow *, of the subbundle 
TM (g) {idfi} C TM (g) Hom(£;, E). 

The general linear Lie algebroid gl{E) of E is indeed a Lie algebroid, as 
we now explain. Firstly, its anchor is the map # completing the following 
commutative diagram: 

el{E) TM 



inclusion 



}lom{J^E,E) TM i^'Roui{E,E) 

The bundle of Lie algebras Hom(E, E) C Hom( J^£', E) (the Lie algebroid of 
Aut(£')) is contained in qI{E). Moreover Hom(£', is precisely the kernel 
of the anchor ^ above, i.e., we have an exact sequence 

Hom(^, E) ^ QliE) #TM 0. 

For any section ^ of }iom(J^E,E), we define a first order differential 
operator, oper(^): T(E) — > r(£'), by 

oper(OfT := ^(^V). 
Unravelling the definitions above, one has: 

Proposition. A section ^ of }lom.{J^ E , E) is a section of q{{E) if and only 
if there exists a vector field V on M such that 

oper(0(/cT) = foperiOa + df{V)u 

for all smooth functions f on M , and sections u of E. In that case, V = 

A Lie algebroid bracket for q\{E) is now well defined by 

oper([^,r?]g[(£;)) = oper(0 o oper(7?) - oper(?7) o oper(^). 

By construction, the vector bundle Hom(£', is contained in Qi{E) as a 
Lie subalgebroid. The bracket [■ , ■]Hom(E,E) that Hom(£', inherits from 
that on Qi{E), agrees with its usual Lie algebra bundle bracket: 

(2) [<l>l,<l>2]Y{.om{E,E) = (l)l°<f>2- (l)2°<l>l- 

It can be shown that the Lie algebroid Qi{E) is indeed a model for the 
(abstract) Lie algebroid of GL(£^). An element of the latter may be regarded 
as some tangent vector g{d) G TGL{E), where the path t i— > g{t) G GL(E) 
consists of isomorphisms g{t): E^^if) — > -E^m with m(0) = m (i.e., is an 
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'infinitesimal moving i?- frame'). The corresponding element of qI{E) C 
Rom{J^E,E) sends [cj]^ G J^E to ^^g{t)a{m{t))\t=o G E. 

4.3. g-representations. A representation of a Lie algebroid g is a vector 
bundle E, together with a morphism of Lie algebroids, g — > gl(-E). If g and 
E are vector bundles over a single point, we obtain the usual notion of a Lie 
algebra representation. For another example, consider a principal bundle 
P ^ M with a simply connected structure group H, and corresponding Lie 
algebroid g := (TP)/H, described in 17.21 Then the representations of g are 
the associated vector bundles of P; see, e.g., ^1]. In particular, there is 
in this case a one-to-one correspondence between (isomorphism classes of) 
representations of g and vector space representations of H. 

4.4. g-connections. Given a Lie algebroid g, a Q-connection on a vector 
bundle S is a morphism of vector bundles 

V:g^g[(i?) 

satisfying ^ o\/ = ^ that is possibly not a Lie algebroid morphism. Recall 
that qI{E) C }iom{J^E,E). For any vector bundle morphism 

V: g ^ Hom(J^£;,£;) 

one writes Vxo- := V(X)(JV) {X G r(g), a G T{E)). The following ele- 
mentary result characterizes g-connections as certain differential operators, 
and shows that g-representations are just flat g-connections, where flatness 
takes a familiar form. 

Proposition. 

(1) V: g — > }iom{J^E,E) is a Q-connection if and only if 

S/x{f<T) = fVx<T + df{#X)a 

for all smooth functions f on M and sections X G r(g), a G T{E). 

(2) In that case V: g ^ qK-^) ^-^ ^ Q-representation if and only if its cur- 
vature, in the sense of \4.1[ vanishes. This curvature is a section of 
Alt^(g, Hom(£', i?)) and satisfies 

curvV (X,y)o- = (VxVy - VyVx - V[x,y])o-. 

4.5. TM-connections. A TM-connection is simply an affine connection in 
the usual sense. Given a TM-connection V: TM 9l{E) on E, and a 
section a of E, we write V. a for the section of T*M ® E = Hom(TM, E) 
defined by 

(v.fT)y := Vv(T = v(y)(jV), yGr(rM). 

Then V determines a splitting J^E ^ E of the exact sequence l4.2lfT|) . given 

by 

(1) scr = jV-V. a, o-Gr(-E;). 

Conversely, implicitly defines a TM-connection V for every such splitting 
s. 
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Remarks. 

(2) The preceding observations are transparent if one observes that pro- 
longation r{J^E) r(^) is a god-given splitting for the sequence 
obtained by applying r( • ) to l4.2lfT|) : 

^ T{T*M ®E)^ T{J'^E) T{E) 0. 

(3) Suppose M is simply connected. Then a representation of TM is just 
a vector bundle E, together with a trivialization E = Eq x M. Indeed, 
suppose V: TM — > gl{E) is such a representation (i.e., a flat TM- 
connection on E). By the groupoid version of Lie's Second Fundamental 
Theorem (see, e.g., 0), the Lie algebroid morphism V lifts to a groupoid 
morphism M x M ^ GL(£'). If mo G M is fixed and £"0 is the fiber 
over mo, the trivialization is given by 

EqX M ^ E 

(^,m) I— > $(mo,m)^. 

More invariantly, one identifies £"9 with the space of V-parallel sections 
of E. 

4.6. Dual connections and torsion. Let g be a Lie algebroid and V a 
g-connection on itself. Generalizing 13.11 we define the dual of V to be the 
g-connection V* on g defined by 

V*xY := VyX + [X,y]g. 

One has 'duality' in the sense that V** = V. 

The torsion of V is the section, tor V, of Alt^(g,g) measuring the differ- 
ence between V and its dual: 

tor V (X, Y) := VxY - V*xY = VxY - VyX - [X, Y]. 

The torsion or curvature of V can be expressed in terms of the torsion 
and curvature of V* (and, by duality, vice versa): 

Proposition. Let V be a Q-connection on q, and V* its dual. Then: 

(1) torV = -torV* 

J curv V {X, Y)Z = {V*z tor V*)(X, Y) + curv V* {X, Z)Y 
I + curv V* {Z,Y)X; X,Y,ZCQ. 

In particular: 

(3) //V* is flat, then V is flat if and only i/tor V* is V* -parallel. 

5. Cartan connections 

In 12.31 a Cartan connection on a Lie algebroid g was defined as a TM- 
connection on g 'compatible' with the bracket on g. Pivotal to understanding 
the compatibility condition is the observation that the first jet bundle J^g is 
also a Lie algebroid, a fact noted in While the bracket on a Lie algebra 
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determines a canonical representation ad: g — > gl{g), the adjoint represen- 
tation, the analogue for a Lie algebroid g is a representation ad: J^g — gl{g) 
defined by &djix Y := [X, y]g. We show that a Cartan connection V on g 
is compatible with the bracket on g when the associated splitting J^g ^ g 



delivers a representation of g on itself. There is moreover, a representation 
of g on TM, with respect to which the anchor #: g — > TM is equivariant. 
Details now follow. 

5.1. The first jet of a Lie algebroid. If g is the Lie algebroid of a Lie 
groupoid G, then J^g is a model for the Lie algebroid of J^G, the groupoid 
of one-jets of bisections of G. This suggests a definition for the bracket on 
J^g more generally and this definition agrees with the one to be described 
below. See also 

Lemma. For any Lie algebroid g over M, the formula 

Kx{a O Y) := C#xa (^Y + a(g>[X, Y]g 
defines a Lie algebra representation, 



In making J g a Lie algebroid, the inevitable choice of anchor is the 

composite J g — > g — >• TM, which we again denote by A Lie algebroid 
bracket on J^g is a Lie bracket on the space of sections r(J^g), which, by 
Remark I13P|) . is isomorphic to r(g) © T{T*M (g) g). A natural choice of 
bracket is one making r(J^g) a semidirect product of r(g) and T{T*M^g). 
First, we make T*M g a bundle of Lie algebras by defining 

(2) [(t>l,<t>2]T*M^s := </'2 o # o 01 - (/"l o # o 02- 

Next we use the representation k above to make r( J^g) a semidirect product 
of the Lie algebras r(g) and T{T*M (g) g). That is, we define 

(3) [J^Xi + 01, J^X2 + 02]jig := J\XuX2]s + [01, 02]t*M®0 



In formulas ^ and ((3), 0i, 02 G T{T*M(g)g) and Xi,X2 S r(g) are arbitrary 
sections. The compositions in ^ make sense because we identify sections 
of T*M (g) g with sections of Hom(rM, g). 

With the above choice of anchor and bracket, J^g becomes a Lie algebroid, 
containing T*M (g g as a subalgebroid. 




g A Jig ^ gl(g) 





+ 'tXi02 - 'tX2 01- 
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Our definition of the Lie algebroid structure of J^g is natural in a cat- 
egorical sense: Suppose that f : E ^ F is a morphism of vector bundles 
over M, covering the identity. Then one defines J^f: J^E — > J^F by 
J^f{[<7]m) •= J^i[f^]m) ^^'^ obtains the commutative diagram 

— ^ J^E — 



(4) 



T*M 
T*M 



E 



E 



F 



f) is a morphism of Lie algebroids, then so is 



Proposition. If f : Q 

J'f: J\^J^\). 

5.2. Adjoint representations. The Lie algebroid structure of J^g fixed 
above guarantees the following result: 

Proposition. For any Lie algebroid Q, the formula 

defines a representation ad of J^q on q that we call the adjoint representa- 
tion. If ad' : T*M (giQ Hom(g,g) is defined by 

(1) ad'(a x)y := — a(#y)x, 

then the following is a commutative diagram of Lie algebroid morphisms with 
exact rows: 





T*M< 



ad' 



inclusion 



Hom(0,g) 



inclusion 



ad 

0[(£l) 



# 





# 
TM 







-4 



For any smooth manifold M, the adjoint representation ad: J^{TM) — > 
g[(rM) is a Lie algebroid isomorphism. 

Caution. Note the minus sign in necessary for diagram commutativity. 
Note also the differing order of terms in definition I5.1ip|) of [(/>i, (/'2]t*m®0) 
compared with that for [0i, 02]Hom(g,0) in I4.2l|^ (taking E = q)} 

5.3. Bracket compatibility. Let V denote an arbitrary TM-connection 
on a Lie algebroid g, let J^g ^ g denote the corresponding splitting of 
— > T*M(g)g -—f J^g — > g — >■ (described in l4.5|l . and consider the composite 
morphisms 

s t1 ad 

g -> J g 



(1) 
(2) 



J^g ^ J\TM) 



ad 



qKtm). 



^For this reason, in the special case g — TM, one must understand the canonical 
identification T*M (g) TM == Hom(TM, TM) as an aniihomomorphism of Lie algebroids. 
This sign annoyance can only be shifted, not eliminated. 
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These define, respectively, a g-connection on g and a g-connection on TM. 
Both connections will be denoted V. Using and diagram 15. one 

computes for X € r(g), 

(3) Vxi^ = v#yx + [x,y]g, yGr(g), 

(4) VxV = #VvX + V]tm, V G T{TM). 

With respect to these connections, the anchor # : g — > TM is connection- 
preserving: 

(5) #VxY = Vx#Y, X,YeT{g). 

Proposition. The connection V is compatible with the bracket on g in the 
sense of Definition \2. cU fi.e.. is a Cartan connection) if and only if the corre- 
sponding splitting J^g ^ g above is a Lie algebroid morphism. In that case, 
the Q-connections on g and TM given by (jSJ and are representations. 

Proof. With the assistance of I4.51(T|) and I5.11|H|) . we compute 

curv s {X, Y) =[sX, sY]j^^ - s[X, Y]^ 

=[j'x, J^Y]J^^ - [j^x, V. y] Jig - [V. X, jiy] Jig 
+ [V. X, V. y] Jig - [X, y]g + v. [x, y], 

= -Kx(v.y) + Ky(v.x) 
+ (V. y) o # o (V. X) - (V. X) o # o (V. y) 
+ v. [x,y]g. 

Applving l5.1lfT|) . we obtain 

curv siX,Y)V = - [X, VyY], - V^y^^x]^,^ + VyX]g + V[y,#y]^,,X 
+ V#vvx^ - ^#VvyX + Vy [X, y]g 

=Vy[x,y]g - [VvX,y]g - [x,VvY], 

-V^^yX + V^^yY, by©. 

Thus curvs = if and only if I2.31(T1) holds, which proves the first claim. 
The second claim holds because the morphisms in Q and @ are Lie alge- 
broid morphisms whenever s: g — > J^g is a Lie algebroid morphism. (The 
other morphisms appearing in and ^ are Lie algebroid morphisms by 
Propositions 15. ll and Proposition 15.21 ) □ 

5.4. On the curvature of Cartan connections. Let V be a Cartan con- 
nection. Then 

(1) curvV(#X,#y)Z = (VztorV)(X,y), X,Y,Z £r{g), 
where V denotes the representation of g on itself determined by V. 
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Proof of (dJ. FromOEl) follows the identity V#xY = V*xY, where V* is 
the dual of V: g ^ qI{q) (see|3SI)- So 

curvV(#X, = curvV* {X,Y)Z = (Vz tor V)(X, y), 

by Proposition 14.61^1) and the flatness of V. □ 

Combining with Theorem A, we have: 

Corollary. A transitive Cartan algehroid (g, V) is locally symmetric if and 
only i/tor V is V -parallel, where V denotes the corresponding representation 
of Q on itself. 

The transitive case is discussed further in Sect.lHJ 

5.5. Invariant differential operators. Let (g,V) be a Cartan algebroid 
on M. Let a Q-tensor on M be any section of some representation E of q. 
As V determines representations of q on TM and itself, all differential forms 
and all differential g-forms (sections of Alt'^(3), for some k) are g-tensors. 

There is a fundamental operator D acting on g-tensors: if r is a section 
of E and p: q ^ qK-^) ^ representation, then Dt S r(g* ^ E) is defined 
by 

{Dt,X)=pxt, xer{g). 

Since Dt is another g-tensor, the fundamental operator D can be iterated 
to obtain higher order differential operators. 

As is well-known, there is an exterior derivative operator d acting on 
ii^-valued g-forms, whenever [E, p) is a representation of g: 

d: r(Alt^X5,^)) ^ r(Alt'^+i(g,E)) 

k 

d9{Xo, ...,Xk):= ^(-l)Vx, (^(^0, ■..,Xi,..., Xk)) 

i=0 

- '^{-'^y^^^^(^{[Xi, Xj]g, Xq, . . . ,Xi,. . . ,Xj, . . . ,Xk). 

i<j 

One has = 0, following from the fact that curv p = 0. 

Let ui G r(Alt"'^(g, g)) denote the tautological form, uj{X) = X. Then 
Duj = and duj = tor V, where V is the representation of g on itself induced 
by V. The exterior derivative d can be expressed in terms of the fundamental 
operator D according to 

dO = uj A DO + e"^"^ . 

Here we view DO as a g* ® -E-valued g-form and the wedge implies a con- 
traction g (g) (g* (g) _E) ^ E. Also, 

e''^{Xo,...,Xk) :=Y,{-iy+'+^e{dLo(Xi,Xj),Xo,...,Xi,...,Xj,...,Xk), 

i<j 

unless A; = 0, in which case 6'^'^ := 0. 
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6. Transitive Cartan algebroids 
The remainder of the paper concerns transitive Cartan algebroids. 

6.1. Cartan connections recharacterized. As we have observed above, 
every Cartan connection V on a Lie algebroid q determines a representa- 
tion of on itself. In the transitive case the Cartan connection is uniquely 
determined by this representation, as we now explain. 

Let g be a transitive Lie algebroid and let f) C denote the kernel of its 
anchor. So we have an exact sequence 

The bracket on g determines a canonical representation p of g on f) : 

pxY = [x,Y]„ X G r(g), y G r(()). 

If V is a Cartan connection on g, the corresponding representation V of g 
on itself is given by 

(1) VxY:=V#yX + [X,Y],. 

This representation leaves the subbundle f) C g invariant, and its restriction 
to f) is just the canonical representation p above. According to (Q), 

VvX = VxY + [Y, X]g whenever #Y=V. 

The following result is readily verified: 

Proposition. Let q be a transitive Lie algebroid with kernel f). Let g •e^ TM 

be an arbitrary vector bundle splitting of the exact sequence 

O^fj^g^TM^O. 

Then for each representation D of q on itself extending the canonical repre- 
sentation p of Q on f), the TM -connection V on g, defined by 

VvX = DxtV+[tV,X]g, 

is independent of the choice of splitting t, and is a Cartan connection sat- 
isfying V = D. In particular, the map V is a bisection from the set of 
Cartan connections on g to the set of representations of q on itself extending 
P- 

Given an arbitrary splitting g ^ TM, we can also write [^^HfT]) as 

(2) curvV(y,VF)Z = (VztorV)(tF,tVF), V,W eT{TM). 
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6.2. Reductive connections. A Cartan connection V on g will be called 
reductive if the corresponding representation V of 3 on itself splits over the 

# t 
exact sequence f) — > — > TM. That is, if there exists a splitting g TM 

such that the induced isomorphism q = TM © f) of vector bundles is an 

isomorphism of g-representations; it suffices to check that t is equivariant, 

i.e., that 

(1) Vxtv = tVxV, X er{Q),v er{TM), 

where V on the left refers to the representation of q on itself determined by 
V, while on the right it refers to that on TM fsee l5.3j) . One can express the 
Cartan connection in terms of t and V: 

(2) VvX = tVxV+[tV,X]g. 

Conversely, for any splitting t and representation V of g on TM, @ defines 
a reductive Cartan connection. 

6.3. Infinitesimal G-structures. A G-structure on a manifold M is a 
reduction of its general linear frame bundle; see ^2j. The correspond- 
ing groupoid notion is a (transitive) subgroupoid of the frame groupoid 
GL(rM), frame groupoids having been defined in 14.21 Noting that the 
adjoint representation ad: J^iTM) — > g[(TM) is an isomorphism, we de- 
fine an infinitesimal G-structure to be any Lie subalgebroid of J^{TM)? If 
g C J^iTM) is an infinitesimal G-structure, then the restriction ad: g — > 
g[(TM) of the adjoint representation (see 15. 2|) is a canonical representation 
of g on TM. It is natural to restrict attention to Cartan connections V on g 
for which the corresponding representation V of g on TM is this restricted 
adjoint representation. 

The following generalizes Corollarv 13.31 

Theorem B. Consider a transitive infinitesimal G-structure g C J^{TM) 
and let f) C T*M®TM denote the kernel of its anchor. Let V he a reductive 
Cartan connection on g with V = ad, and let g TM denote a correspond- 
ing splitting o/O ^ f) g ^ TM (i.e.,W2S^ holds). Let V^"*^ denote 
the composite 

TM g[(TM), 
which is a TM-connection on TM. Then the Cartan algehroid (g,V) is 
locally symmetric if and only if tor and curv V^"*^ are both \]-invariant 

and -parallel. 

Proof. The curvature of V is given bv l6.1iP|) . With the help of the equiv- 
ariance DroDertv l6.2lfT|) . one easily rewrites this as 

(1) curv V {V, W)Z = Vz{t* tor V){V, W), 

where 

t* tor V {V, W) := tor V{tV, tW). 
^These are a special case of the infinitesimal geometric structures defined in 
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Appealing to equivariance and the definition of torsion, one obtains 
t* tor V {V, W) = tVtvW - tVtwV - [tV, tW]g 

= t{adtv W - adtw V - [V, W]tm) - curv t {V, W) 

(2) =t{ioiV^-^ {V,W))-CMiwt{V,W). 
We claim that 

(3) curv t {V, W) = - curv V^"^ {V, W) . 
Indeed, we have 

curv V^"^ (y, W) = curv(ad ot){V, W) 

= {[ad{tV),ad{tW%,(TM) - amV,W]TM)) 
= &d{[tV,tW]^-t[V,W]TM) 

= ad'(curvt(y,VF)), 

implying (see l5.2lfT|) ) that 

curv V^"^ (y, W)U = - curv t {V, W)U. 

Substituting Q into ((21), we obtain 

f tor V (y, W) = t(tor V^"^ (V, W)) + curv V^"^ {V, W). 

Using this and equivariance in (^Q), we arrive at the formula 

curv V (F, W)Z = t((Vz tor \I^-^){V, W)) + (Vz curv vL-^)(y, W). 

The first term on the right-hand side is a section of t{TM) C g, while the 
second term is a section of f). So curvV = if and only if torV'^"*-' and 
curvV^"*^ are both V-parallel. Now for any vector field V on M, we have 

VzV = Z{V) for Z er{t)) cr{T*M ®TM), 

while VtwV = V'^^V for Wer{TM). 

So being V-parallel is the same as being simultaneously f)-invariant and 
V^"*-^-parallel. The conclusion of the theorem is now a consequence of The- 
orem A. □ 

7. Cartan geometries 

Let Go be a Lie group and Hq a closed subgroup. Let go and f)o denote the 
Lie algebras of these groups. Then a Cartan geometry modeled on Gq/Hq 
is a smooth manifold M, together with a principal i?o-bundle it: P ^ M, 
and an absolute parallelism u S Q^{P,qq) of P. One requires that u; is 
i/o-equivariant, where Hq acts on go via the adjoint action. We suppose Hq 
acts on P from the right. For details, see |16j . 

A one-form to as above is known as a Cartan connection, but to distinguish 
it from the connections defined in 12.31 we will call to a classical Cartan 
connection. 
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7.1. Curvature. The curvature of the Cartan geometry is the go-valued 
two-form on P defined by 

(1) n := duj + ^[uJ,uJ]go■ 

The model Gq/Hq is itself a Cartan geometry (take M = Gq/Hq, P = Gq, 
and let lo be the left-invariant Mauer-Cartan form on Gq) and in this case 
the curvature vanishes. Conversely, if M is an arbitrary Cartan geometry 
modeled on Gq/Hq, then = implies that M is isomorphic to Gq/Hq, 
assuming certain global obstructions also vanish p!Bl Theorem 5.3]. So cur- 
vature is the local measure of deviation from the prescribed model. 

We now describe a canonical, transitive, Cartan algebroid (0,V) associ- 
ated with a Cartan geometry {M,P ^ M,uj) modelled on Gq/Hq. 

7.2. The Lie algebroid g. The Lie algebroid is given by g := {TP)/Hq, 
its anchor being the map i^'- Q ^ TM sending v mod Hq to Tvr • v. Sections 
of Q are in one-to-one correspondence with the ifo-invariant vector fields on 
P. Since the collection of such vector fields is closed under the Jacobi-Lie 
bracket [ • , • ]tp, we obtain a Lie bracket [ • , • ]g on r(g). This bracket makes 
Q into a Lie algebroid. 

An arbitrary vector field X on P is ffo-invariant if and only if uj{X) is 
i?o-equivariant. 

7.3. The Cartan connection V on g. As an absolute parallelism, the 
classical Cartan connection uj determines a flat affine connection D on TP. 
Implicitly, D is defined by 

(1) u;{DxY) = Cx{iv{Y)), X,Y e T{P), 

where C is Lie derivative. On the other hand, if X and Y are both Hq- 
invariant, then so is DxY, which shows that D may also be viewed as a flat 
g-connection on g, i.e., as a representation of g on itself. By Proposition 
D determines a unique Cartan connection V on g satisfying V = -D. 

The Cartan algebroid (g, V) above encodes all local information concern- 
ing the Cartan geometry, with the exception of certain model information. 
One can recover the group Hq, up to cover, but at best reconstructs go as a 
representation of Hq; unless V is flat (see Theorem C below), the Lie algebra 
structure of go is lost. We suppress details. 

7.4. Local symmetry. For convenience, we now identify the go-valued two- 
forms duj, [uj,uj]gQ and 0, with TP-valued two-forms on P. This we may do 
using the absolute parallelism uj. From the definition of torsion it follows 
that tor D = dto. It is straightforward to check that [ti;,a;]g(j is D-parallel. 
Equation 17. ll|T|) then gives 

DztorD = Dz^, Z£T{TP). 

Specializing Corollarv 15.41 to this case, we obtain: 
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Theorem C. Let tt: P ^ M be a Cartan geometry with arbitrary model 
data, and uo the corresponding classical Cartan connection. Let D denote 
the corresponding flat affine connection on P. Let (g, V) denote the corre- 
sponding Cartan algebroid described above. Then (g, V) is locally symmetric 
(in the sense of \2.,^) if and only if the curvature VL of the Cartan geometry, 
viewed as a TP-valued two-form on P , is D-parallel. 
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